In spite of a long history, the quantification of entanglement still calls for exploration. What matters about entanglement depends on the situation, and so presumably do the numbers suitable for its quantification. Regardless of situational complications, a necessary first step is to make available for calculation some quantitative measure of entanglement. Here we define a geometric degree of entanglement, distinct from earlier definitions, but in the case of bipartite pure states related to that proposed by Shimony (1995) . The definition offered here applies also to multipartite mixed states, and a variational method simplifies the calculation.
In spite of a long history, the quantification of entanglement still calls for exploration. What matters about entanglement depends on the situation, and so presumably do the numbers suitable for its quantification. Regardless of situational complications, a necessary first step is to make available for calculation some quantitative measure of entanglement. Here we define a geometric degree of entanglement, distinct from earlier definitions, but in the case of bipartite pure states related to that proposed by Shimony (1995) . The definition offered here applies also to multipartite mixed states, and a variational method simplifies the calculation.
We analyze especially states that are invariant under permutation of particles, states that we call bosonic. Of interest to quantum sensing, for bosonic states, we show that no partial trace can increase a degree of entanglement. For some sample cases we quantify the degree of entanglement surviving a partial trace. As a function of the degree of entanglement of a bosonic 3-qubit pure state, we show the range of degree of entanglement for the 2-qubit reduced density matrix obtained from it by a partial trace. Then we calculate the degree of entanglement of the mixed state obtained as a partial trace over one qubit of a 4-qubit bosonic state.
As a reminder of the situational dependence of the advantage of entanglement, we review the way in which entanglement combines with scattering theory in the example of lightbased radar.
I. INTRODUCTION
As early as Born's 1926 analysis of scattering [1] , the correlations peculiar to quantum physics were noticed, and since then have been exploited in applications including cryptography. Yet the investigation of quantitative measures of entanglement is still in a stage that can only be called "exploratory." What matters about entanglement depends on the situation, and so presumably do the numbers suitable for its quantification. As an example of situation dependence, light-based radar (ladar) stands to benefit from the use of entangled quantum states, and in this application the loss of particles between transmission and reception needs to be accounted for in assessing possible benefits of entanglement.
Regardless of situational complications, a necessary first step is to make available some quantitative measure of entanglement. In the next section we define a geometric degree of entanglement, distinct from earlier definitions, but in the case of bipartite pure states related to that of Shimony [2] . The definition offered here extends beyond the bipartite case to cover multipartite mixed states. Being a definition, its justification must lie in what it leads to [3] .
The problem arises of calculating the degree of entanglement for given pure and mixed states. After outlining in Sec. III some techniques, we turn in Sec. IV to the calculation of some cases of pure-state degrees of entanglement, and in Sec. V to the calculation of mixed-state degrees of entanglement. As with other measures of entanglement, one encounters the obstacle that for mixed states the calculation, to put it mildly, is challenging. We make use of a variational method to simplify greatly the calculation of the degree of entanglement of mixed states. Many of the cases of pure and mixed states addressed in this paper are for states that are invariant under permutation of particles, states that we call bosonic. These offer the charm of low dimensional vector spaces as a wedge into a complicated subject, along with other advantages noted below.
Equipped with a calculable, quantitative measure of entanglement, lots of questions can be asked. With an eye toward quantum ladar, in Sec. VI we begin to study the degree of entanglement that survives a partial trace that expresses a loss of some particles. For states without special symmetry, nothing general can be said in this connection; however for bosonic states we show that no partial trace ever increases a degree of entanglement. We also show examples of numerical relations among degrees of entanglement of a 4-qubit pure symmetric state and degrees of entanglement of its partial traces over one and two qubits.
As a reminder of the situational dependence of the advantage of entanglement, we review in Sec. VII the way in which entanglement combines with scattering theory in connection with ladar in what is called Type-III sensing, in which part of the signal generated by a transmitter is stored for later comparison with the echo from the part of the signal incident on a target.
II. DEGREE OF ENTANGLEMENT
To build up a general definition of the degree of entanglement used in this paper, we start with the case of bipartite pure states. Familiar in the literature is the geometric measure of the entanglement of a normalized bipartite pure state |ψi as the distance between the vector |ψi and the nearest unentangled normalized vector [2] . By dropping the requirement that the nearest unentangled vector be normalized, we define a degree of entanglement applicable not just to the normalized state |ψi but also to unnormalized states, which simplifies the analysis to come.
Consider two particles designated 1 and 2 (corresponding to states in complex vector spaces We define the degree of entanglement of a bipartite pure state, whether it is normalized or not, as follows. The general bipartite pure state for the particles 1 and 2 taken together is a vector in the tensor-product space
from which it follows immediately that
Define the set of unentangled pure states (meaning pure states that are tensor products) to be
As noted above, this set includes unnormalized unentangled states. We define the degree of entanglement D(|ψi) of an arbitrary vector |ψi by
As shown in Appendix A, this degree of entanglement of a state |ψi that need not be normalized can also be expressed by its projection onto the nearest normalized, unentangled state; that is the square of the degree of entanglement satisfies
where the maximum is over all unentangled states |φi normalized so that hφ|φi = 1. For any positive matrix A, let Λ max (A) denote the largest eigenvalue of A. Also shown in Appendix A is the result
where tr 2 (|ψihψ|) is the partial trace over H 2 , which can be called a generalized reduced density matrix. By a generalized density matrix we mean a positive matrix, without requiring unit trace; in case hψ|ψi = 1 then Λ max £ tr 2°| ψihψ| ¢ § is the largest eigenvalue of the reduced density matrix [4, 5] . Because the eigenvalues of reduced density matrices (and also generalized reduced density matrices) are the same for tracing over H 1 as for tracing over H 2 [6] , one gets the same result if in Eq. (6) tr 2 is replaced by tr 1 .
A. Degrees of entanglement for multipartite states
Consider pure states on a Hilbert space H = H 1 ⊗ H 2 ⊗ H 3 . . . H n . A vector in H has components indexed by n indices, that is, by as many indices as there are factor spaces of H. Any partition of these indices into two blocks, denoted I and II, allows us to view H as a bipartite product H ∼ = H I ⊗ H II , so that one can define what we call a split degree of entanglement for a multipartite pure state |ψi ∈ H as in the bipartite case, namely as
For |ψi a multipartite vector, we define its degree of entanglement D(|ψi) to be the minimum over all partitions of its indices of the split degrees of entanglement. For example, any 3-qubit pure state |ψi ∈ H 1 ⊗ H 2 ⊗ H 3 has the form 
Question: are there any 3-qubit pure states that have maximal degree of entanglement for all three splittings? Answer: yes; indeed Sec. IV displays a manifold of such states.
The bad news is that as the number of tensor-product factors increases, the number of splits rises rapidly. For a k-fold multipartite space H there are
distinct splits. While no conceptual problem, this large number is another motivation to study states that are symmetric under exchange of particles, for in the symmetric case the number of splits that need to be calculated for a k-fold multipartite space drops to the greatest integer less than or equal to k/2.
B. Degree of entanglement for mixed states
Now for mixed states. Any mixed state ρ has many decompositions into weighted sums over unnormalized pure-state density matrices
Designating an arbitrary split degree of entanglement by D split , we define D split (ρ) in terms of the minimum over all such decompositions by
For ρ any 2-qubit state (but only this case) it is easy to check that
where C(ρ), defined only for two-qubit matrices, is Wootters' concurrence [7] . If one prefers to use normalized state |ψ i i in decompositions in place of the unnormalized states |ψ i i used here, one has only to note that D 2 (|ψ i i) = hψ i |ψiD 2 (|ψ i i) where the normalized state
In common with entanglement measures discussed in [4] , D exhibits the properties
as well as the fact that
whenever U belongs to the group of local unitary transformations.
For density matrices ρ as operators on H ⊗n , for which all factor spaces have the same dimension, we also have that (∀s ∈ S n )D(sρs † ) = D(ρ) where S n is the group of permutations of factor spaces spelled out in Appendix Appendix B B.3.
In Sec. V we apply a variational technique to replace the minimum over decompositions with equations that define the split degrees of entanglement.
III. TECHNIQUES

A. Invariance of degree of entanglement under local unitary transformations
We make use of group actions on pure states, and these extend to actions on mixed states. For example, any group G that acts on a Hilbert space H = H 1 ⊗H 2 ⊗H 3 ⊗. . . partitions H into orbits. In the cases at hand, the quotient map of H onto the set of orbits makes a space of orbits. Because the degrees of entanglement are all invariant under transformations belonging to "local" unitary groups
.. that act separately on the factor spaces H j of H (where dim C H j = N j ), any degree of entanglement can be thought of as a function on a space of orbits. (Note that in defining the "local" groups we choose to include the phase factor U (1).) When studying bosonic states-invariant under permutation of factors (see Appendix Appendix B B.3)-we replace local groups by subgroups that preserve bosonic symmetry.
In the next sections we demonstrate several relations pertaining to degrees of entanglement of various pure and mixed states as follows:
1. Specify a space of quantum states and a local transformation group G that acts on this space. An example of representative states for 3-qubit orbits is in Acin et al. [8] .
B. Bosonic symmetry
As a wedge into the complicated topic of quantifying entanglement, states that are invariant under permutation of particles offer attractive simplifications. We call such states, whether pure or mixed, bosonic. In order for the pure or mixed states associated with a tensor-product Hilbert space H = H 1 ⊗ H 2 ⊗ H 3 ⊗ . . . ⊗ H n to be symmetric under exchange of particles, all the factor spaces must have the same dimension, so the vector space of n indistinguishable particles, each with N levels, is a subspace of
While dim C H ⊗n = N n , the bosonic subspace has for its complex dimension just the number of ways that n indistinguishable particles can be distributed into N bins, which is
For N > 1, the dimension stated in (17) drops exponentially below N n as the number of particles n grows. For a multiqubit state, N = 2 and the complex dimension of an n-qubit vector space of states symmetric under particle interchange is n + 1 in contrast to 2 n when no symmetry constraint is imposed.
The group of local unitary transformations of H ⊗n is U (1) ⊗ SU (N ) ⊗n , where N = dim C H. When bosonic symmetry is imposed, one employs the corresponding subgroup of local unitary transformations that preserve symmetry under particle exchange. As discussed explicitly below for the case of qubit spaces, this "local bosonic group" is isomorphic to U (N ). When the single particle is a qubit, the "local bosonic group" is isomorphic to U (2).
C. Remarks on dimensions of orbits and orbit spaces
Recall that symmetry conditions give information about the dimensions of orbits and orbit spaces associated with actions of a Lie group on a manifold. Both real and complex dimensions enter the story, and we say which we mean on each occasion. For a Lie group G acting on a manifold X, for any point x ∈ X we have that for the dimension of the orbit Gx
where G x is the stabilizer subgroup of G, the subgroup that leaves x unaffected. The dimension of the space of orbits is then
The most general space of interest here is the manifold of normalized vectors in the general tensor-
For this situation we find
For generic orbits, the stabilizer subgroups have dimension 0, so that the real dimension of generic orbits is real dim G. (The dimension of orbits of maximally entangled states is less than real dim G [8] .) For n qubits, we have N j = 2 so the real dimension of the local unitary group that acts on a n-qubit vector space is 3n + 1, allowing for the U (1) factor of overall phase, and this 3n + 1 is also the dimension of a generic orbit. The space of orbits of normalized vectors of H has real dimension equal to (dim R H) − 1 less the real dimension of a generic orbit. For G and H as above
and the space of orbits of normalized states, including overall phase, has real dimension
One sees that for large n, the orbit dimension is tiny compared to the dimension of the space of orbits.
Note: Reported orbit dimensions can be inconsistent because different papers make different choices concerning whether to include or drop overall phase. Our choice of including the U (1) factor in the local unitary group inflates the real dimension of orbits by 1 compared against other papers that ignore overall phase. The choice of including or dropping overall phase has no effect on the dimension of the stabilizer subgroup.
D. Matrix notation for vectors in bipartite tensor-product spaces
A known matrix notation for bipartite pure states, including those obtained from splittings of multipartite states, proves useful. Consider a finite-dimensional vector space of complex dimension mn thought of as the tensor product space C m ⊗ C n , where C m denotes the vector space of complex dimension m. Any vector in this space has mn components, and these components can be arranged to form an m-by-n matrix. Conversely any m-by-n matrix A determines a vector in C m ⊗ C n by the following rule: let |Aii be the column vector having mn elements obtained by a raster scan of A; that is, one "writes" the elements of the first row of A one under the other, followed by the elements of the second row, and so on [9] :
where the superscript T applied to any rectangular matrix denotes its transpose (without complex conjugation). For any rectangular matrix A let A † be the hermitian conjugate of A, and let A be its complex conjugate without transpose, so that
Let M mn denote the space of m-by-n matrices over complex numbers and abbreviate square matrices
from which it follows that°I
In this matrix notation, Eq. (6) becomes
which implies that
We also have
and in particular
IV. SOME ENTANGLEMENT PROPERTIES OF PURE STATES
A. Maximum possible degree of pure-state entanglement
It follows from Eq. (6) that for any unit vector |ψii ∈ H split into two factors H I ⊗ H II , the corresponding split degree of entanglement involves the maximum eigenvalue of a reduced density matrix. If dim C H I ≤ dim C H II , the maximally entangled case is that for which
where ψ is a dim C H I -by-dim C H II rectangular matrix. In the opposite case of dim C H I > dim C H II , the reduced density matrix ψψ † has the same maximum eigenvalue as ψ † ψ [10] , so that in either case the maximum eigenvalue is less than or equal to the inverse of the lesser of dim C H I and dim C H II . Consequently the square of the degree of entanglement for this split can be no greater than
It is known that this bound is tight. The same logic now extends to show that for |ψi ∈ H = H 1 ⊗ H 2 ⊗ H 3 ⊗ . . . , the least split degree of entanglement is tightly bounded above by 1 − 1/ min j dim C H j , whence it follows from the definition of degree of entanglement that the maximum degree of entanglement possible for any such |ψi, denoted D 0 (H), is given by
Thus we see:
1. If one or both of H 1 and H 2 is a single qubit space (with complex dimension 2), the maximum degree of entanglement for a normalized state is 1 − 1/2 = 1/2.
2. As the dimension of both vector spaces approaches infinity, the maximum possible degree of entanglement approaches 1.
B. Maximally entangled 3-qubit pure states
We want to find the manifold of all 3-qubit pure states that exhibit the maximal split degree of entanglement for all 3 splittings. This is a subset of the manifold of 3-qubit entangled pure states of the form
with the normalization
Consider first the splitting |1i|2, 3i. From Eq. (34) we see that the maximum possible split degree of entanglement is D 0 = 1/2. For this 1|23 splitting, it is convenient to view the 3-qubit state as |ψii where ψ is the 2-by-4 matrix
Then from Eq. (28) the square of the degree of entanglement is
and from Eq. (32) the maximal degree of entanglement D 1|23 = 1/2 is achieved if and only if
By explicitly writing out ψψ † and comparing the result with Eq. (39) one obtains the four equations
The other two splittings give equations with cyclic permutations of the three indices.
To show that all these equations indeed have solutions, we study the special case of symmetry under permutation of the 3 qubits, so that a state is defined by complex parameters A 0 , . . . , A 3 with
Equations (40) become
The local boson-symmetry preserving subgroup of LU 3 consists of matrices that "act the same" on each factor. That is, the subgroup, denoted BosLU 3 , with elements of the form
with |α| 2 + |β| 2 = 1. A direct calculation shows that, regardless of the degree of entanglement, any 3-qubit pure bosonic state is in an orbit under BosLU 3 containing a representative state (hence having the same degree of entanglement) for which to make A 0 and A 3 real and non-negative, resulting in the GHZ state
Case 2:
For this case, the phase freedom allows one to make A 1 and A 2 real and positive, so that for some real, positive x we have A 1 = A 2 = x. Accompanied by this additional condition, Eq. (44) implies
implying that Im A 0 = Im A 3 , which in turn forces the conclusion that Re A 0 = Re
Thus we find
where the real parameters x and y satisfy 0 ≤ x ≤ 1/ √ 8 and y = ± q 1 2 − 4x 2 . Direct calculation using BosLU 3 shows that Cases 1 and 2 give representatives of the same orbit, so the set of 3-qubit maximally entangled states with bosonic symmetry is the orbit under BosLU 3 of the GHZ state. This orbit has real dimension 4 and consists of states of the form
where |α| 2 + |β| 2 = 1. Without the constraint of bosonic symmetry, the orbit of the GHZ state under U (1) ⊗ SU (2)
⊗3
consists of states of the form
where
Because the stabilizer subgroup for the GHZ state has 2 real parameters, the orbit has real dimension 8, in agreement with the known manifold of 3-qubit maximally entangled states [8] .
C. Pure 4-qubit symmetric states
We analyzed four-qubit pure states symmetric under permutation of qubits, which have the
Because of this permutation symmetry we have for all the "1-3" splittings between a one-qubit factor and the other three qubits taken together
Since the smaller space in the 1-3 split is a single qubit, the maximum possible value of D 2 1|234
is 1/2, as shown above, and this value is attained, following the procedure of Sec. IV, when tr 234°| ψihψ| ¢ = 1 2 1 2 , which is the case if and only if
Without regard to the "2-2" splitting between two qubits and the other two qubits, which by symmetry all have the same degree of entanglement D 12|34 , we explicitly solve Eqs. 
which leads to two cases with the following solutions. For the A 1 = A 2 = 0 case, we find
For the A 1 = A 2 6 = 0 case, phase freedom allows one to make A 1 = A 3 = x 1 ≥ 0, and we then get two solutions. The first solution is
subject to the constraint that 
the second solution is
subject to the constraint that y 2 0 + 4x
Both the first and second solutions involve 4 − 1 = 3 real parameters. We thus see distinct types of maximally symmetric 4-qubit states, and in Sec. VI.2 we discuss varying degrees of 2-2 entanglement that can be exhibited by maximally 1-3 entangled states, with implications for reduced density matrices obtained from symmetric pure 4-qubit states.
V. CALCULATING DEGREES OF ENTANGLEMENT OF MIXED STATES
A. Minimizing decompositions of a mixed state
In this subsection a variational procedure demonstrates two key propositions pertaining to minimizing decompositions that define the degree of entanglement of mixed states, as in Eq. (10) . Consider a pair of terms involving the unnormalized states of a decomposition for any particular splitting, as in Eq. (9) . If such a decomposition is expressed in rectangular matrices ψ j , we have
If this decomposition minimizes the weighted sum of degrees of entanglement of its terms, it also minimizes the weighted sum taken over any pair of terms, which we now study in detail. If the sum of any two selected terms is denoted by χ, there are rectangular matrices x and y such that
Important is the fact that if another pairx andỹ combine to make the same χ, the sum of the degrees of entanglement may differ:
For the sum D 2 (|xii) + D 2 (|yii) to be a minimum under the constraint that χ be invariant, the first variation of χ = |xiihhx| + |yiihhy|, subject to the same constraint, must vanish. To calculate the desired variation, we make use of the invariance of χ under a unitary transformation to |xii and |yii; that is, for any 2-by-2 unitary matrix W we define ∑x
The transformation satisfies the needed constraint; i.e.,
Multiplying W on the left by diag(e iα , e iβ ) leaves the degree of entanglement of |xii and |ỹii unchanged, so the relevant infinitesimal U (2) transformation has the form
and we findx
Equation (28) implies
For the minimizing decomposition, the first variation of D 2 (|xii) + D 2 (|ỹii) with respect to θ must vanish. Consider
To find the variation of the eigenvalues we apply first-order perturbation theory [11] . Assume that the maximum eigenvalue of xx † has a 1-dimensional eigenspace (if not, shift x to a nearby generic matrix that has this property). Let |λ x i be the normalized eigenvector for the maximum eigenvalue (denoted λ x ) of xx † , so that xx
From first-order perturbation theory we have, to within terms of second order,
Similarly one finds (to within terms of second order in |θ|)
Treating the variations in θ and θ as independent yields the following Proposition: For any density matrix ρ and any split degree of entanglement of ρ, a minimizing decomposition that includes the two terms |xii and |yii is constrained to satisfy
Equivalently one has the two relations obtained by splitting xx † into hermitian and anti-hermitian terms:
(The matrices x j x † k are all dim C H 1 by dim C H 1 .)
B. Implications for degrees of entanglement of a given density matrix
We consider the split degree of entanglement between the first factor and the rest of the factors of H. Any density matrix ρ on a tensor product space split into pieces H = H I ⊗ H II has a decomposition, not necessarily minimal, of the form
where the matrices ψ j are dim C H I by dim C H II . Denote the corresponding split degree of entanglement by D split (ρ), defined in terms of a minimizing decomposition where the minimum ranges over the number L of terms as well as the terms themselves so that we have
under the constraint that
From [12] , it follows that
for some coefficients w 0 jk that satisfy the orthogonality relations
Notice that Eq. (79) is invariant under the phase change
Now we count parameters. Let R = rank ρ. There are LR complex coefficients w 0 jk and so 2LR real coefficients less R(R − 1) real orthogonality relations between rows of the w matrix less R normalization conditions on columns less L phase invariances for rows (per Eq. (82)) producing number of free real parameters
. If the number of parameters is greater than the number of equations, we are free to set some of the x j to zero and compensate by multiplying others by a constant. Thus we arrive at the following Proposition: There is always a minimizing decomposition for D split (ρ) with L = rank ρ.
(84)
C. Case of density matrix ρ of rank 2
To proceed consider the case in which ρ has rank 2, and hence L = 2. Using the phase freedom expressed in Eq. (82) without loss of generality we take for the most general decomposition
with w j1 and w j 2 real and non-negative. For this case of rank 2, the constraint of Eq. (81) 
where θ and γ are parameters. From Eq. (80), it then follows that
Especially for the case of rank 2, it is convenient to put Eq. (75) in the form
One needs the eigenvectors for |λ 1 i and |λ 2 i for x 1 x † 1 and x 2 x † 2 , respectively. Any 2-by-2 hermitian matrix M has eigenvalues µ 1 ≥ µ 2 , with corresponding normalized eigenvectors |µ 1 i and |µ 2 
, we obtain with a little algebra for distinct eigenvalues
whence it follows that
With x j = x j (θ, γ) as given in Eqs. (87), one then determines the values of θ and γ by solving the complex-valued equation
Plugging the values of θ and γ that solve this equation (in a numerical analysis) back into Eqs. (87) determines x 1 and x 2 such that for our case of rank 2, we have per Eq. (78)
We checked that numerical solutions for the case of 2 qubits agree with the result obtained from Eq. (12).
VI. SURVIVAL OF ENTANGLEMENT UNDER PARTIAL TRACE
The partial trace over one factor of a normalized multipartite pure state yields a reduced density matrix. For a general multipartite pure state |ψi and the density matrix ρ obtained as one or another partial trace of |ψihψ|, in some cases one finds D(ρ) less than D(|ψi) while in other cases D(ρ) > D(|ψi). An example of the latter situation is the 3-qubit state |ψ 3 i consisting of the tensor product of a single qubit state with a 2-qubit Bell state. Being a product state, this |ψ 3 i has zero degree of entanglement while the 2-qubit ρ 2 obtained by tracing over the single qubit has the maximum possible degree of entanglement.
A systematic relation is imposed by bosonic symmetry. For all bosonic states pure or mixed, expressed by a density matrix ρ, we have
Proof : Any density matrix ρ has a minimizing decomposition {|ψ j i}, as in Eq. (10), such that
Then we have
Equation (15) implies that
As shown in Appendix B.3, for any pure-state |ψ j i having bosonic symmetry
whence we have
as desired.
A. Degree of entanglement of partial trace of a bosonic 3-qubit state
For a maximally entangled symmetric 3-qubit pure state, we study the degree of entanglement of the two-qubit density matrix obtained from a partial trace over one qubit, say the first one. This density operator is obtained as partial trace tr 1°| ψihψ| ¢ over a 3-qubit pure state |ψi. Because the partial trace is over a single qubit which is the smaller of the two factor spaces involved in the 1|23 splitting, the remark above does not apply, so our first question is how much entanglement survives the partial trace in case the 3-qubit state |ψi has the maximal possible degree of entanglement of 1/2? The answer is provided by a direct calculation of the concurrence of the reduced state ρ def = tr 1°| ψihψ| ¢ . The condition that |ψi be symmetric under permutations of qubits imposes on the 2-qubit reduced density matrix the condition that the second column equal the third column and that the second row equal the third row: 3j and ρ j2 = ρ j3 , for j = 1, . . . , 4. (98) 
We calculate the degree of entanglement of this 2-qubit density operator by calculating its concurrence [7] , which involves the square roots of eigenvalues of the operator R def = ρ(σ 2 ⊗σ 2 )ρ(σ 2 ⊗σ 2 ), where the Pauli matrices are defined by
Direct calculation shows the startling result for a density operator of the form of Eq. (100) that
Thus, the square roots of the eigenvalues of R are just the eigenvalues of ρ. Under these strong symmetry conditions on ρ one has for its concurrence C(ρ):
D(ρ) then follows from Eq. (12). But from Eq. (32) it follows that Λ max (ρ) = 1/2, which via Eq. (103) implies C(ρ) = 0. From this via Eq. (12) it follows that the density matrix obtained from a partial trace of a single qubit of a maximally entangled symmetric 3-qubit pure state has zero degree of entanglement. Because all the maximally entangled 3-qubit pure states lie in a single orbit under local unitary transformations, we have the stronger statement that for no maximally entangled 3-qubit pure state does any entanglement survive the partial trace over any one qubit. How about if the 3-qubit symmetric pure state is less than maximally entangled? We wanted to see what symmetric multipartite pure states best survived a partial trace over one factor. To this end we explored the partial traces over symmetric 3-qubit states to determine the degree of entanglement of the reduced density matrices. A general normalized bosonic 3-qubit state has the form:
For any bosonic 3-qubit |ψi there is always some choice of γ and φ such that the local bosonic transformation " e iγ/2 cos(
nulls out A 2 . Further simplification comes because, without disturbing the nulled-out elements, there is always a diagonal local bosonic transformation that puts the state in the form
with real-valued x 0 , x 1 ≥ 0 and a normalization condition is imposed so that x 2 0 + 3x
The real dimension of the orbit space of normalized bosonic pure 3-qubit states is 8 − 1 − 4 = 3. Correspondingly our family of representatives has real dimension 4 less a normalization condition and so also has 3 real parameters. No family of representatives of orbits can have fewer parameters.
A 2-qubit reduced density matrix obtained from partial traces of an n-qubit bosonic pure state always has two rows identical and two columns identical, and thus has rank of at most 3. As a result such a 4-by-4 matrix has an eigenvector with 1 in the place acted on by one such column, −1 in the other such place, and two 0-elements. This eigenvector then has eigenvalue 0. Leaving this eigenvector out allows one to reduce the 4 × 4 matrix to 3 × 3.
Using this reduction we explicitly calculated the degree of entanglement of the 2-qubit reduced density matrix obtained by a partial trace over one qubit of the 3-qubit state |ψi of the form of Eq. (105). Let a
Then the concurrence of the reduced density matrix defined in [7] is
and we obtain the degree of entanglement of the 2-qubit mixed state ρ
More can be determined. A simple calculation shows that
and that det(ψψ
these three equations imply that
The bound given by the last equation is tight for the range of D(|ψii) from 0 to 1/ √ 3, as can be seen in Figure 1 .
The maximum concurrence of ρ is 2/3, corresponding to D(ρ) = [ 
B. One-and two-qubit reductions of bosonic 4-qubit pure states
We studied 2-qubit reduced density matrices obtained by tracing over two qubits of the maximally "1-3" entangled bosonic 4-qubit pure states |ψi discussed in Sec. IV.3. These reduced density matrices ρ def = tr 12°| ψihψ| ¢ satisfy the particle-exchange symmetry of Eq. (98). As with the previous case of a 2-qubit mixed state obtained from a 3-qubit pure state, we calculate the degree of entanglement of this 2-qubit density matrix by calculating its concurrence. The condition of being maximally "1-3" entangled implies Eqs. (53)-(55) which in turn imply additional constraints of Eq. (99), and again we have the same properties for the operator R
involved in the concurrence so that for the present case Eq. (103) holds. Again D(ρ) then follows from Eq. (12), but now the argument for zero degree of entanglement is more complicated.
The manifold of maximally "1-3" entangled bosonic 4-qubit pure states has dimension 4 + 2 = 6 (or one less if overall phase is ignored), so it cannot lie in a single orbit of BosLU 4 , as is evident from the range of degrees of "2-2" entanglement that can be exhibited by maximally "1-3" entangled states.
Among "1-3" maximally entangled 4-qubit states |ψi are some whose partial trace over two qubits has a positive degree of entanglement; in the present case, however, we also have to analyze the relation between the "2-2" degree of entanglement and D(ρ). Equation (34) implies that the maximal possible "2-2" split degree of entanglement of any 4-qubit state is p 1 − 1/4 = √ 3/2. Equation (32) shows that the maximal "2-2" split degree of entanglement implies D(ρ) = 0. But because the maximal possible "1-3" split degree of entanglement is 1/ √ 2 < √ 3/2, symmetric maximally entangled 4-qubit states are characterized by the "1-3" split degree D As an illustration of the capacity to calculate the degree of entanglement of an 8-by-8 density matrix of rank 2, we calculate all the degrees of entanglement associated with the 4-qubit W-state discussed in [13] , where the state is given with phase parameters φ, φ 1 , and φ 2 as
As given, this state lacks bosonic symmetry; however its orbit under the "big" local transformation group LU 4 includes the representative bosonic state
Because all the degrees of entanglement are invariant under LU 4 , it follows that 
Equation (119) 
VII. RESOLVING QUANTUM CHANNELS
From the standpoint of quantum decision theory joined to scattering theory, the issue of resolving one target from another is this. We assume a radar-like system with a transmitter and a receiver. The receiver knows the possible targets, indexed by i, along with the prior probability of each target, denoted ζ i . We take as our measure of resolution the probability of the receiver correctly deciding which target is present at any particular instance, on the basis of whatever information the receiver can extract from an echo scattered by the target from the transmitted electromagnetic field. Unlike communications problems without an echoing target, the issue is not for the receiver to decide what state is transmitted, which it knows, but to decide which of various possible echoes is received, with the idea that the echo indicates something about the target. The echo-as a pure or mixed quantum state-depends on three things: (1) the target, (2) the transmitted state, and (3) in a so-called Type-III system, the entanglement between the transmitted state and a reference state held by the transmitter for later comparison with the echo.
Formulating a quantum scattering theory of light to determine echoes available to a quantum ladar awaits another day. One obstacle arises from our expectation that quantum theory, being more general than the classical Maxwell theory, allows at least as much directivity for a light beam as does the classical theory. According to the classical Maxwell theory, the directivity possible for a light beam rises with the allowed ratio of root-mean-square current to radiated power, so that as the ratio increases without bound, so does the directivity, a phenomenon termed supergain [14] . To date, however, quantum optics is limited by simplifying assumptions that rule out analyzing the quantum version of supergain.
Although we must wait for a full theory to get accurate descriptions of scattered echoes, scattering theory appears to fit within the generic framework of quantum channels, which one analyzes as completely positive, trace-preserving (CPT) maps. In this framework, the i-th target is expressed by a CPT map E i . The receiver that "knows the possible targets" knows the possible E i , but not which one is present in any particular instance. Framing the issue in terms of quantum channels shows how the entanglement may improve resolution in what is called a Type-III ladar.
A Type-III ladar generates a density matrix Γ on a tensor-product Hilbert space H sto ⊗ H tran where H sto is the Hilbert space corresponding to storing some of the electromagnetic energy and H tran corresponds to energy transmitted. The density matrix Γ is entangled across the stored and transmitted parts. Any CPT map E j folds nicely into a tensor product, which is just what Type-III ladar wants. Let I sto denote the identity operator on H sto . The tensor product I sto ⊗ E j is also a CPT map acting on Γ that expresses the scattering of the target concurrent with "doing nothing" to the stored part of Γ. The best possible Type-III system for given E i and ζ i employs the transmitted state Γ that maximizes the distinguishability of the echoes, where in case of the i-th target, the echo is the density matrix transformed by the channel, namely (1 ⊗ E i )(Γ).
For example, in the simplest case of deciding between two targets that have equal prior probabilities, the receiver decides between (I sto ⊗ E 1 )(Γ) and (I sto ⊗ E 2 )(Γ). The minimum probability of an incorrect decision given a transmitted state Γ on H sto ⊗ H tran is [15] 
Although realistic scattering models await the future, toy cases of quantum channels are known in which max
which says that the best resolution possible is improved by the stored channel [16] . Moreover the Γ that best resolves the scattering processes E 1 and E 2 is entangled, in some cases maximally [16] . Striking is the finding that the entanglement of Γ improves resolution of channels from which the echo shows no entanglement (one speaks of "entanglement-breaking channels"). Even though the echoes are separable, the scattering channels are better resolved than is possible without the Type-III arrangement "since they live in a higher-dimensional space" [16] . From a mathematical point of view, Type-III ladar systems exploit the peculiarities of positive maps combined with tensor products [17] . Promising work for the future is to analyze quantum channels from the standpoint of scattering theory.
hence α = hψ|φi. (A8) We therefore arrive at Eq. (5).
Comparing Eq. (5) with the definition of the geometric measure E for a normalized pure state |ψi in [2] shows that D 2 (|ψi) = 2E(|ψi) − E 2 (|ψi).
(A9) In the cited work, Shimony shows that = min
where |xi denotes a unit vector in the first vector space
. .
In Eq. (A17), in case |ψi is normalized, the expression tr 2 (|ψihψ|) is just the reduced density matrix obtained by taking a partial trace over the second tensor-product factor in the pure-state density matrix |ψihψ|. When |ψi is not normalized, then tr 2 (|ψihψ|) can be called a "generalized density matrix," meaning a positive matrix but without requiring a unit trace. It follows that
As noted earlier, because the eigenvalues of reduced density matrices are the same for tracing over H 1 as for tracing over H 2 [6] , one gets the same result if in Eq. (A19) tr 2 (|ψihψ|) is replaced by tr 1 (|ψihψ|).
Appendix B. PARTIAL TRACE NEVER RAISES THE DEGREE OF ENTANGLEMENT OF ANY PURE BOSONIC STATE
Here we prove Eq. (B18). We start by assembling some needed thought tools and then proceed to deal with special cases until we build up to the general case.
B.1. Norms for rectangular matrices
We begin by recollecting a few well known facts about rectangular matrices not available in any single reference we can find. The superscript " †"denotes complex conjugate of the matrix transpose. Let x denote a general column vector with components x j in a complex vector space H of finite complex dimension. Define the vector norm
Let A be any m-by-n rectangular matrix. Define a mapping from rectangular matrices to nonnegative real numbers by |||A||| 
while a mixed state ρ exhibits bosonic symmetry if and only if
(Note s † = s T .) This leads to the following patterns of indices illustrated for a pure 5-qubit bosonic state in relation to its first two partial traces: 
We remark that the decomposition of a bosonic density matrix into pure states can involve pure states that fail to satisfy Eq. (B9). For example if s|ψi = ±|ψi, then s|ψihψ|s † = |ψihψ|; however in cases we have checked, any such state |ψi is in a local bosonic orbit of a bosonic state, so we do not worry about this "fermionic" case.
B.4. Proof that the partial trace cannot raise the degree of entanglement of a pure bosonic state
To introduce the first two ideas needed we prove the simplest special case, namely that for a 3-qubit bosonic state |ψ 3 i,
To see how bosonic symmetry is crucial, we start without the assumption of bosonic symmetry, and then bring in the assumption of symmetry only when we need it. Without any assumption of bosonic symmetry, let |ψ 
